The equilibrium configurations of uniformly rotating white dwarfs at finite temperatures are investigated, exploiting the Chandrasekhar equation of state for different isothermal cores. The Hartle-Thorne formalism is applied to construct white dwarf configurations in the framework of Newtonian physics. The equations of structure are considered in the slow rotation approximation and all basic parameters of rotating hot white dwarfs are computed to test the so-called moment of inertia, tidal Love number and quadrupole moment (I-Love-Q) relations. It is shown that even within the same equation of state the I-Love-Q relations are not universal for white dwarfs at finite temperatures.
INTRODUCTION
The no-hair theorems for black holes state that in general relativity only a finite number of multipole moments are necessary to describe black holes, namely, mass, charge and angular momentum (Heusler 1996) . It is believed that during the gravitational collapse of an arbitrary mass distribution, higher multipoles disappear as a result of the emission of gravitational waves. One would then expect that other compact objects like neutron stars (NSs) are characterized in general by an infinite number of multipoles. However, some recent intriguing results seem to indicate that compact objects other than black holes are also characterized by a finite number of multipoles.
In fact, the I−Love−Q relation states that there exists a connection between the moment of inertia, quadrupole moment and the Love numbers, which in compact objects measure their rigidity and shape response to tidal forces. This relation is valid independently of the equations of state (EoSs) used to describe relativistic compact objects such as NSs and quark stars, if the slow rotation approximation is assumed in the framework of the Hartle-Thorne formalism (Yagi and Yunes 2013a; Maselli et al. 2013) . Similar approximate relations among multipole moments for NSs have been also investigated in the case of both slow and rapid rotation regimes (Yagi et al 2014b; Stein et al 2014) .
The I-Love-Q and I-Love relations, respectively, were investigated for incompressible and realistic stars; it was shown that the EoS-independent behaviour of the I-Love-Q relation can be attributed to its incompressible limit (Sham et al 2015; Chan et al. 2015) . Moreover, these relations were also calculated by Pani (2015) for exotic objects such as thin-shell gravastars at zero temperature, without assessing their validity. The nonvalidity for the thin-shell gravastars was shown for different EoSs (Uchikata et al 2016) . Nonetheless, it was established that in gravastars these relations posses distinct features from the ones of NSs and QSs.
More recently, the validity of the I−Love-Q relation was proven also in the case of dark stars by Maselli et al. (2017) and white dwarfs (WDs) by Boshkayev et al. (2017) at zero temperature. In the case of WDs, the Hartle-Thorne formalism was implemented in Newtonian physics to integrate the field equations together with the condition of hydrostatic equilibrium.
In the present work, we consider an additional important aspect of the internal structure of WDs, namely, their thermodynamic behavior. In particular, we analyze in detail the effects that follow from considering finite temperatures in the EoS. We will use the Hartle-Thorne formalism the validity of which has been well established in the derivation of all physically relevant quantities of rigidly rotating relativistic and classical objects (Hartle 1967; Hartle and Thorne 1968; . The parameters describing the structure play a paramount role in the investigation of the stability and the lifespan of WDs (Boshkayev et al. 2011 (Boshkayev et al. , 2013a (Boshkayev et al. ,b, 2014 (Boshkayev et al. , 2015 Rueda et al. 2013, see e.g.) .
It has been shown that for massive white dwarfs close to the Chandrasekhar mass limit the effects of finite temperatures are negligible. However, for the observed low-mass white dwarfs the effects are crucial (de Carvalho et al. 2014) . From the astrophysical point of view it is hard to measure the radius of a star with respect to its mass and temperature. Hence, if we know the mass and temperature of a WD, we can theoretically calculate its radius as it will be always different from the cold (degenerate) case (de Carvalho et al. 2014; Carvalho et al. 2018 ). Therefore, we study here the effects that rotation along with temperature cause on the structure of WDs; first, we consider the main physical parameters of WDs and study their dependence on the density of the star for different temperature values. This allows us to investigate in detail the I-Q, I-Love and Love-Q relations, and to demonstrate that they are not universal. The temperature effects are sufficient to break down the universality of the I−Love−Q relations. This is shown by integrating numerically the structure equations for slowly rotating WDs with the Chandrasekhar EoS (Chandrasekhar 1931 (Chandrasekhar , 1939 Rotondo et al. 2011 ) at different temperatures.
FORMALISM AND STABILITY CRITERIA FOR ROTATING HOT WHITE DWARFS
A general relativistic analysis of the hydrodynamic equilibrium of WDs has established that relativistic effects lead only to small perturbations of Newtonian gravity (Mathew and Nandy 2017); consequently, the essential physical features of WDs can be studied by using Newton's theory. If in addition we use the Hartle-Thorne formalism to analyze perturbatively the structural equations, as proposed recently by Boshkayev et al. (2017) , it is possible to explore in detail the behavior of all the relevant physical quantities. The main idea consists in solving Newton's equation
and the equilibrium condition dp dr
perturbatively by expanding the radial coordinate as r = R + ξ, where R is the radial coordinate for a spherical configuration and the function ξ(R, θ) takes into account the deviations from spherical symmetry due to the rotation of the star. All the relevant quantities such as the total mass M , equatorial radius Re, moment of inertia I, angular momentum J, quadrupole moment Q, etc. are then Taylor expanded up to the second order in the angular velocity. Within this approximation, due to an appropriate choice of ξ, the density ρ and pressure p can be considered as non affected by the rotation of the star. The structural equations (1) and (2) can then be integrated numerically to obtain all the relevant quantities in the desired approximation. For the analysis of the structural equations it is convenient to introduce the Keplerian angular velocity
because it allows us to calculate all the key parameters at the massshedding limit, and to determine the stability region inside which rotating configurations can exist (Boshkayev et al. 2013b ). Finally, the inverse β-decay instability determines the critical density which, in turn, defines the onset of instability for a WD to collapse into a neutron star. For the Chandrasekhar EoS we adopt ρcrit = 1.37 × 10 11 g/cm 3 . The inverse β-decay instability is crucial both for static and rotating configurations. It represents one of the boundaries of the stability region for rotating WDs (Boshkayev et al. 2013b; Boshkayev et al. , 2017 ). According to de Carvalho et al. (2014) , the occurrence of the inverse β-decay instability is not affected by the presence of temperature, i. e., it is the same as in the degenerate approximation. This is related to the fact that the effects of temperature are negligible in the higher density regime. For the sake of generality, all computations are performed for central densities up to 10 12 g/cm 3 .
EQUATIONS OF STATE FOR WHITE DWARFS
We will use the simplest EoS for WD matter that correctly describes its main physical properties, namely, the Chandrasekhar EoS (de Carvalho et al. 2014; Boshkayev et al. 2016b ). Then, the total pressure is due to the pressure of electrons Pe, because the pressure of positive ions PN (naked nuclei) is insignificant, whereas the energy density is due to the energy density of nuclei EN as the energy density of the degenerate electrons Ee is negligibly small. Thus, the Chandrasekhar EoS is given by
Hence the energy density of the nuclei is given by
where A is the average atomic weight, Z is the number of protons, Mu = 1.6604 × 10 −24 g is the unified atomic mass, c is the speed of light and ne is the electron number density. In the following analysis, we will assume the average molecular weight µ = A/Z = 2. In general, the electron number density follows from the Fermi-Dirac statistics, and is determined by
2 dp
where kB is the Boltzmann constant,μe is the electron chemical potential without the rest-mass, andẼ(p) = c 2 p 2 + m 2 e c 4 − mec 2 , with p and me being the electron momentum and rest-mass, respectively, (de Carvalho et al. 2014) .
The electron number (7) can be written in an alternative form as
where
is the relativistic Fermi-Dirac integral, η =μe/(kBT ), t = E(p)/(kBT ) and β = kBT /(mec 2 ) are the degeneracy parameters. Consequently, the total electron pressure for T = 0 K is given by
When T = 0, for a degenerate electron gas we find from Eq. (7) that
Thus, the total electron pressure is
where xe = P 
RESULTS AND DISCUSSION
For the sake of simplicity, throughout the paper we use a uniform temperature profile for isothermal cores of WDs, i.e. WDs without outer envelop (atmosphere). The atmosphere serves as an isolator and its effect on the structure of WDs can be neglected in this approximation. In order to justify a constant temperature profile within the core, we considered the Tolman (1930) equilibrium condition for hot relativistic static stars, which is given by T /u t = constant, where T is the local temperature and u t is the zero-component of the four-velocity. In the case of a static star, u t = 1/ √ gtt, from which one obtains the known Tolman law: √ gttT = constant. So, for the usual spherically symmetric metric: exp(ν/2)T = constant. In the classical limit exp(ν/2) ≈ 1 − Φ/c 2 , where Φ = Φ(r) is the internal Newtonian gravitational potential found from Eq. (1) and c is the speed of light in vacuum. We constructed exp(ν/2) as a function of r/R. We then selected a white dwarf with mass 1.44M⊙ and radius 1000 km, as an example. As one can see from Fig. 1 , the function exp(ν/2) changes slightly from the center to the surface of a white dwarf core. So, exp(ν/2) changes less than 1% from the center to the surface of the isothermal core. This is the main argument to adopt the constant temperature profile.
One can calculate exp(ν/2) also for a low mass white dwarf with mass 0.4M⊙ and radius 10952 km. In Fig. 2 , we see that exp(ν/2) changes even less than in the previous case. Hence, for the cores of WDs the constant temperature profile is a safe assumption. A further generalization of the Tolman condition for slowly rotating stars is given by Belvedere et al. (2014) . Even in that general case the change of function exp(ν/2) turned out to be negligible for WDs. In Fig. 3 , we plot the total pressure Eq. (5) as a function of the total density Eq. (4) for some selected temperatures. We conclude that the effects of temperature are essential only in the range of small densities.
In general, we assume that the slow-rotation approximation can be applied to any realistic star with a Keplerian angular velocity. Indeed, Hartle and Thorne (1968) in their pioneering article used this approximation to investigate the effects and deviations produced by rotation starting from massive non-compact stars to neutron stars. The general conditions in the slow-rotation regime are that the velocities of particles at the equatorial plane of the star must be non-relativistic and, of course, that the fractional changes of density, pressure, mass, radius, gravitational potential etc., due to rotation must be smaller than in the static case. However, the most practical condition to check the validity of the slow rotation approximation for WDs would be to compare the mass-radius relations at the mass shedding limit within the slow-rotation approximation with the resuls obtained by using exact numerical computations. Unfortunately, to our knowledge, for white dwarfs this problem has not been considered yet. Some analysis of the validity of the slow approximation for WDs were performed by Boshkayev et al. (see 2013b, Appendix D, Fig. 9 ). Here we employ the Keplerian velocity to set upper bounds for all physical quantities as their realistic values will be between static and maximally rotating configu- rations. Hence, by solving the structure equations, we construct all necessary relations along the mass shedding sequence with angular velocity ΩKep. In Fig. 4 , the static and rotating mass of a WD is shown as a function of the central density and temperature. Our results show that in general rotating WDs have larger masses than their static counterparts. Due to the choice of the scale the green and blue curves look sudden and sharp, but in reality they are not so abrupt. The curves look sharper with respect to colder white dwarfs, because of the pronounced effects of higher temperatures. Fig. 5 shows the equatorial radius as a function of the central density and temperature for both rotating and static WDs. The plots show that hot WDs possess larger radius than cold ones. For increasing central densities, WDs become more gravitationally bound and spherical. Fig. 6 shows the mass and equatorial radius relation. Here one can see that the mass-radius relation significantly diverges from the degenerate case especially for lower masses and larger radii, depending on the value of the core temperature. The relationship between the core temperature and observed effective surface temperature is given via the so-called Koester relation (de Carvalho et al. 2014) . This explains the variety of observed WDs, according to the Sloan Digital Sky Survey Data Release. Indeed, nowadays we have data for more than thirty two thousand WDs and all of them have diverse characteristics (Kepler et is selected for the sake of generality. Indeed, so far observed WDs have masses larger than 0.1M⊙. Fig. 7 shows the moment of inertia as a function of the central density for both static and rotating, cold and hot WDs. In the static case the moment of inertia of hot WDs is larger than for cold ones, in the entire range of the central density. This was expected as hotter WDs with similar masses will be larger in size than colder ones. However, for rotating WDs the situation is slightly different as hotter (larger in size) WDs cannot rotate faster than colder (smaller in size) ones. This effect becomes more evident starting from the value of the central density 10 6 g/cm 3 . Consequently, because of the rotation, the moment of inertia of hotter WDs will be smaller than that of colder ones. For the normalized moment of inertia this effect is also valid in the static case as M R 2 goes up faster than the moment of inertia when temperature increases and the EoS becomes softer, for further details see Fig.8 .
The normalized quadrupole moment is shown as a function of the central density in Fig. 9 . The effect of the temperature is considerably small in the range of densities higher than 10 10 g/cm 3 . However, as the density diminishes the temperature plays a more important role, leading to a nonlinear behaviour of the analysed quantities. For values of the central density lower than 10 10 g/cm 3 , the quadrupole moment strongly depends on the temperature, but in general it increases in value for less massive stars. Within the approximate interval ρc ∈ [10 4 , 10 6 ] g/cm 3 and for specific values of the temperature, the quadrupole moment drastically decreases, indicating a trend towards spherical symmetry. The above results show that temperature can play a very important role in the determination of the physical properties of WDs. Moreover, at first glance it seems that the moment of inertia and the quadrupole moment correlate. However, a deeper analysis shows a discrepancy. In Fig.10 , we plot the dimensionless moment of in-
, where I is the physical moment of inertia, Q is the physical mass quadrupole moment, M is the static mass and J is the angular momentum of the WD. For the degenerate case, T = 0, we corroborate theĪ −Q relation established previously by Boshkayev et al. (2017) . As the temperature increases towards the range of realistic values theĪ −Q relation clearly breaks down. As the temperature increases, the break point moves towards the region of lower quadrupole moment. This proves that theĪ −Q is no longer valid in the case of hot WDs.
We investigate the I-Love-Q relations in Figs. 11 and 12. As the temperature is taken into account, the non-validity of these relations becomes evident. We also see that as the temperature goes up, the breaking occurs at lower values of the dimensionless tidal Love numberλ = (c 10 λ)/(G 4 M 5 ). Notice that in this approximation the moment of inertia can be expressed as the sum of a static plus a rotational component, whereas the quadrupole moment has only a rotational component (for the details of this decomposition, see ). Therefore, although in Fig. 10 we useQ as a parameter for the central density also in the static case, it does not mean that there is a static quadrupole moment. Also for this reason, in Fig. 12 only the rotational component of the quadrupole moment is plotted. For the sake of clarity, we present in Table 1 the numerical values for the I-Love-Q relations in terms of the central density for zero temperature white dwarf stars. Fig. 10 and Fig. 11 illustrate the behavior of I andĪ + ∆Ī as functions ofQ, whereQ serves as a parameter for ρ, andλ, respectively. Finally, Fig. 12 representsQ as a function of λ.
From the above results, we conclude that the I-Love-Q relations proposed by Yagi and Yunes (2013a) for relativistic objects are not true for hot white dwarf stars, even in the framework of Newtonian gravity. The universality is thus lost for larger values of the moment of inertia, quadrupole moment and tidal Love number. In the region of smaller values of these parameters, which corresponds to the regime of larger densities when the degeneracy sets in, the behaviour is almost universal as it was shown by Boshkayev et al. (2017) .
The non-validity of the I−Love−Q relations was also found in other studies. For instance, the breakdown of these relations was found by Doneva et al. (2014) for rapidly rotating NSs and QSs, although in the slow-rotation approximation and at fixed rotational frequencies, one can still find roughly EoS-independent relations. Similar results have been obtained by Pappas and Apostolatos (2014) . The I-Q relations for arbitrarily fast rotating NSs were also considered by Chakrabarti et al. (2014) , where it was found that the relations can be still universal among various EoSs for constant values of certain dimensionless parameters characterizing the magnitude of the rotation. However, it was demonstrated by Haskell et al. (2014) that the universality of the relations is lost in the presence of huge magnetic fields in NSs with rotation period larger than 10 seconds and magnetic fields larger than 10 12 G. In addition, showed that the universality is also lost for non-compact objects when their opacity was varied. Furthermore, the phase of the proto-NS life, including the effects of both rotation and finite temperatures, was studied by Martinon et al. (2014) . It was shown that the I-Love-Q relations are violated in the first second of life, but they are satisfied as soon as the entropy gradients smooth out. Recently, it was found that the I-Q universality is broken when thermal effects become important, independently of the presence of entropy gradients (Marques et al. 2017) .
CONCLUSIONS
We numerically integrated the underlying differential equations in order to determine the structure of slowly and rigidly rotating classical WDs in hydrostatic equilibrium. In particular, using the Chandrasekhar EoS, the relations for the mass, radius, moment of inertia, and quadrupole moment were established as functions of the central density and temperature. All these quantities play a crucial role in describing the equilibrium configurations of uniformly rotating main sequence stars as well as massive stars. In particular, we proved that the temperature affects the behavior of all the physical parameters, especially in the region of realistic temperature values. In addition, we calculated the tidal Love number and investigated the I-Love-Q relations for rotating WDs.
It turned out that the I-Love-Q relations are not universal even within the same EoS when the finite temperature effects are taken into account. This is probably due to the fact that the EoS is not longer barotropic when the thermal effects are included, i.e., the pressure not only depends on the density, but also on the temperature. In a related work by Lau et al. (2017) , it was found that the universality of the I-Love relation is broken when the elastic properties of crystalline quark matter are accounted for, i.e., the universality is observed only in perfect fluid compact objects (at zero temperature without magnetic fields).
In view of their astrophysical relevance it would be interesting to investigate the validity of the I-Love-Q relations for WDs with different nuclear composition and magnetic field intensity (Malheiro 2012; Coelho 2014,b; Lobato et al. 2016; Alvear et al. 2017 Alvear et al. ,b, 2018 ). This will be the issue of future studies.
